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Abstract. In this paper we use the method of characteristic curves for solving linear partial

differential equations to study the invariant algebraic surfaces of the Rikitake system
X=—-pux+y@+p) y=—py+x(z—p) Z=0o—xy.

Our main results are the following. First, we show that the cofactor of any invariant algebraic

surface is of the form rz + ¢, where r is an integer. Second, we characterize all invariant algebraic

surfaces. Moreover, as a corollary we characterize all values of the parameters for which the

Rikitake system has a rational or algebraic first integral.

1. Introduction and statement of the main results

We consider the Rikitake systems

X=—ux+y(z+B)=Pk,y,2)

y=—uy+xz—-p) =0,y 2)

=a—xy=R(x,y,2)
which is a simple model for describing the Earth’s magnetohydrodynamic dynamo (see for
instance [2]), where x, y and z are real variables; «, 8 and pu are real parameters. These
systems have been investigated as dynamical systems. For instance, Barge [1] gave conditions
for which the system has two invariant surfaces. Hardy and Steeb [8] derived the conditions
to find periodic orbits by using an ellipsoid bounding condition. Plunian et al [12] studied its
chaotic behaviour. Sachdev and Ramanan [14] discussed its singularity structure. From the
integrability point of view, using the Painlevé method Steeb et al [13] studied their integrability.
Hu and Yan [9] tested the complete integrability by finding regular mirror system near movable
singularities. Labrunie and Conte [10] developed a geometrical method to find some invariant
algebraic surfaces of these systems. Figueiredo ef al [S] used an algebraic method to obtain
similar results to those of [10].

Let f(x,y, z) be a real polynomial in the variables x, y and z. The algebraic surface

f(x,y,z) =0of R3is called an invariant algebraic surface of the Rikitake system if

0 0 a

—fP+—fQ+—fR=kf (1)

0x ay 0z
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for some real polynomial k(x, y, z), which is called the cofactor of f = 0. If f(x,y,z) =0
is an invariant algebraic surface, then f is also called a Darboux polynomial. From (1) it
follows that if an orbit of the Rikitake system has a point on the invariant algebraic surface
f(x,y,2) =0, then the whole orbit is contained in this surface.

We claim that the degree of the cofactor & is less than or equal to 1. The claim follows from
the fact thatin (1) deg(k)+deg(f) = max{deg(f)—1+deg(P), deg(f)—1+deg(Q), deg(f)—
1+deg(R)} < deg(f)+1. Therefore, without loss of generality, we can assume that the cofactor
is of the form

k(x,y,z) = px+qy+rz+c. @)
We say that a real function

H:RRxR—R
(xvyvzvt)|_) H(-xﬂysz7t)

is a first integral of the Rikitake system, if it is constant on all solution curves (x(¢), y(¢),
z(t)) of the Rikitake system, that is, H(x(¢), y(¢), z(¢), t) = constant for all values of ¢ for
which the solution (x(¢), y(¢), z(¢)) is defined on R3. In particular, if the first integral H is
independent on the time and it is a polynomial, then it is called a polynomial first integral. 1f
the first integral H is a rational function independent on the time, then it is called a rational
first integral.

We say that two first integrals independent on the time H;(x, y, z) and H(x, y, z) are
independent, if their gradients are linear independent vectors for all point (x, v, z) € R3 except
perhaps for a set of zero Lebesgue measure. If a Rikitake system has two independent first
integrals, then we say that it is completely integrable. We note that in this case the orbits of the
Rikitake system are contained in the curves {H;(x, y,z) = hi} N {H>(x, y, z) = hy}, where
hy and h; vary in R.

An algebraic function H(x, y, z) = C is a solution of the algebraic equation

fo+ fiC+ fLCP 4+ 4 [, C" L4 C" =0

where f;(x, y, z) are rational functions, and # is the smallest positive integer for which such
a relation holds. Obviously, any rational function is algebraic. The Rikitake system is said to
be algebraically integrable if it has two independent algebraic first integrals.

So far as we know, only one irreducible Darboux polynomial, i.e. f = x*> — y? with the
constant cofactor k = —2u and the condition 8 = 0, has been found for the Rikitake systems
(see, for instance, [5, 10]).

In this paper, by using the method of characteristic curves for solving linear partial
differential equations, we obtain the following results. The first one gives the character of
the cofactor of each invariant algebraic surface for the Rikitake system.

Proposition 1. If f(x, v, z) is a Darboux polynomial of the Rikitake system, then we can
obtain that the cofactor is of the form k = rz + ¢ with r an integer number, and that the
homogeneous component of the highest degree of f is of the form (x +y) A(x>+ 22, > +2%) if
r is non-negative, or (x —y) " A(x>+72, y*+z?) if r is non-positive, where A is a homogeneous
polynomial in the variables x* + 7> and y* + 7°.

From proposition 1 we obtain immediately the following corollary.

Corollary 2. If f(x,y, z) is a Darboux polynomial with a constant cofactor of the Rikitake
system, then f has even degree.
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Our next result shows the relationship between invariant algebraic surfaces and first
integrals of the Rikitake system.

Proposition 3. A Rikitake system has a Darboux polynomial f(x,y,z) with a constant
cofactor k if and only if the function H(x, y,z,t) = f(x,y, 2) exp(—kt) is a first integral.

In this paper the first integrals of the form given in proposition 3 with k # 0 are called
invariants.
The following proposition is known, for a proof see [4].

Proposition 4. Assume that f(x,y, z) is a polynomial function in the real polynomial ring
Rlx,y,z]. Let f = f"---fim be the factorization of f in irreducible factors over
R[x, y, z]. Then for the Rikitake system, f is a Darboux polynomial with cofactor ks if
and only if each f; is a Darboux polynomial with cofactor kg, fori = 1,2, ..., m. Moreover,
kf = nlkfl +--- +I’lmkf;”.

The next theorem is our main result, in it we characterize all Darboux polynomials of the
Rikitake system.

Theorem 5. The Rikitake system has invariant algebraic surfaces if and only if one of the
following three cases holds.

(a) If u = a =0, then H) = x> + 7> + 2Bz and H, = y* + 7> — 287 are two polynomial first
integrals. Consequently, in this case the Rikitake system is completely integrable.

(b) If w =B =0and a # 0, then H = x> — y? is a polynomial first integral.

(c) If B = O, then the Darboux polynomials are f = x + y with the cofactor k = z — u and
f = x — y with the cofactor k = —z — L.

From theorem 5 we easily obtain the following corollary.
Corollary 6. For Rikitake systems the following statements hold.

(a) There are Rikitake systems having irreducible polynomial first integrals of any even degree.
(b) The Rikitake systems have no polynomial first integrals of odd degree.
(c) The unique irreducible invariant for the Rikitake systems is (x> — y?) exp(—=2ut) when

B =0.

The following proposition characterizes the rational and algebraic first integrals of a
polynomial vector field.

Proposition 7. Let X be a polynomial vector field in R". Then the following statements hold.

(a) If the polynomial functions f and g are relative prime, then f/g is a rational first integral
of X if and only if f and g are both Darboux polynomials with the same cofactor.

(b) The vector field X is algebraically integrable if and only if it has n — 1 independent
rational first integrals.

The first statement can be proved easily from the definitions. The second statement is a
corollary of lemma 2.4 of Goriely [6].
From theorem 5 and proposition 7 we can obtain the following result.

Corollary 8. For Rikitake systems the following statements hold.

(a) The Rikitake system has a rational first integral if and only if either w = o = 0, or
uw=pB=0anda #NO.
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(b) The Rikitake system is algebraically integrable if and only if uw = a = 0. Moreover, under
this condition the Rikitake system has a solution given by the following implicit functions:

2+ +28z2=h V+2 =2Bz=h
;i:f dz
Vhi+ 82—+ )2V ha + B2 — (z — B)?

which is the elliptic integral of first kind (see [7]), where hy, hy and hs are integrating
constants.

=t+h;

This paper is organized as follows. In section 2, we prove propositions 1, 3 and 4. The
proof of theorem 5 is given in section 3. Finally, in section 4 we summarize the results of this

paper.
2. Proof of propositions 1, 3 and 4

Proof of proposition 1. Assume that

[, y,2=) filx,y,2)
i=0

is a Darboux polynomial of the Rikitake system, where f; is a homogeneous polynomial of
degree i fori =0, 1, ..., n. The cofactor is that given in (2).
Substituting f and (2) into equality (1) and identifying the homogeneous components of
degree n + 1, we obtain
3fn fn 3fn

VI— 4+ x7— —xy— = (px +qy +r2) fn. 3)
ax ay 9z

In what follows, in order to prove our proposition we will use the method of characteristic
curves for solving linear partial differential equations (see for instance, chapter 2 of [3]). The
characteristic equation associated with (3) is

dx  z dy z

dz  «x dz — y
its general solution is
x2+z2=c1 y2+Zz=C2

where ¢; and ¢, are arbitrary constants.
We consider the change of variables

u=x>+7z v:y2+z2 w = Zz. “4)
Correspondingly, the inverse transformation is
x=+Vu—w? y=+vv— w? Z=w. 5)

From equation (3) we obtain the ordinary differential equation

—(:I:\/u—wz)(:t\/v—wz)% = [p(EVu —w?) +q(+Vv —w?) +rw]f,

where ?n u,v,w) = f,(x,y, 2, aﬂd u and v are fixed. In the following, if we do not say
anything, we will always denote by R(u, v, w) the function R(x, y, z), written in the variables
u, v and w by using (5).
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Solving this equation we find that for xy > 0

—r/2

£, =A@, v) ‘2\/(u —w?2)(v — w?) +2w? — (u +v)

X exp <— p <:|:arcsin%)) exp (—q (iafcsm%))

r/2

forxy <0

7= A, v) ‘2\/(14 — 0?0 — w?) + 2w — (u+v)

X exp (— p (ﬂ:arcsin%)) exp (—q (iafcsi“%»

where A(u, v) is an arbitrary function in u and v. Correspondingly, for xy > 0 we have

fi= AT+ 2,y + D) —y)

xexp|—p :I:arcsin; exp <—q (:I:arcsin;))
(o Jr 2

and for xy < 0 we have

fi= AP+ 2,y + D)+ )

xexp|—p :I:arcsin; exp (—q (:I:arcsin;>>
V2 + 22 /x2+22))

In order for f, to be ahomogeneous polynomial, we must have p = g = 0, the function A
a homogeneous polynomial in x2 + z> and y? + z%, and r a convenient integer. More precisely,
if r is a non-negative (respectively non-positive) integer, then f, = (x +y)" A(x% +22, y> +z%)
(respectively, f, = (x — y)"A(x? + 7%, y> + z%). This completes the proof of the
proposition. (]

Proof of proposition 3. The proof of this proposition is easy, and follows in the same way as
the proof of proposition 2 of [11]. Since the proof is short we give it.

Assume that f(x, y, z) is a Darboux polynomial of the Rikitake system with the constant
cofactor k. Then from the definition of the Darboux polynomial

df 0 p 5, s
E_axP+ayQ+aZR_kf.

Therefore, we have

dH ( kt)df kf (—kt)=0
— = eXp(— _— = exXp(— =
dt P dt P

thatis, H(x, y, z, t) is afirstintegral. Consequently, the proof follows from the above equation.
This proves the proposition. |
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Proof of proposition 4. Sufficiency. Since f;, fori = 1, ..., m, is a Darboux polynomial
with cofactor k7, we have

af _a(f" ) p A" - fur) A o) o

dr ax ay Q+ 9z
__ZZ:n fmflaﬁ II fﬂ,P_+ZZ: fmfl ﬁ II fﬁ,Q
1<j<n 1<j<n
J# J#i
+Z i 18f, 1_[ fi'R
1<j<n
J#i
et (Vi ) "
ZE: f‘ < 8 ll:LnAf
J#
—anﬁf’“ [1 7= anf, [T #7=> nikst.
lj;fn 1<j<n i=1

This proves that f = f;"'--- f/ is a Darboux polynomial with the cofactor k; = niky, +
-~+—nmkﬁw

Necessity. Assume that f is a Darboux polynomial with the cofactork s, and f = f|'"' - -- fi»
is the factorization of f in irreducible factors over R[x, y, z]. Then from this last equality we
obtain

Z fn,_l(af, aaf, 2% ) 1 7" —tor =t ] 7

1<j<n 1<j<n
J#i
Since f; and f; are coprimefor 1 < i, j < mandi # j, wehave forevery given/ (1 <! < m),

that f; divides Bfl P+ af’ O+ af’ RinR[x,y, z]. Let

afi 3fl of
ki = fz(_ MFT 82)

This means that f; is a Darboux polynomial with the cofactor k5. Moreover, we have
ky =31 niky,. This completes the proof of the proposition. g
3. The proof of theorem 5

According to proposition 1 we first consider the case in which the cofactor is a constant.
Assume that

[y, 2) = Zf,(x ¥, 2)

is a Darboux polynomial of the Rikitake system with the constant cofactor k(x, y,z) = ¢,
where f; is a homogeneous polynomial of degree i fori = 0, 1, ..., n. From corollary 2 we
can assume that n = 2m, where m is a positive integer.
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Substituting f and k = ¢ into equation (1) and identifying the terms of the same degree
we obtain
8 m 3 m 8 m
Zfz txz 12 . 12 _0 ©)
0x dy 0z
3 fam— 0 fam— 0 fom— m 9fom
ye 2l Mot Bt gy Gy 2o, @)
dax ay 9z ox ay
i afi of; : of
yogl bz —y B = Gux = )+ ey + ) i — a2 ®)
0x dy 9z 0z
0
cfo—all Zo ©)
9z
fori =2m—2,2m —3,...,1,0.

From proposition 1 and its proof we find that the solution of (6) is

m
fon =Y a2+ (3 +2)
i=0

where ;" is areal constant fori =0, 1,...,m.
Introducing f>,, into equation (7) and doing some calculations, we have
0 m— 0 m— 0 m— m m—i
. fom—1 xz fom—1 oy fom—1 =Z(2mu+6)a,~ (2 + 2" (32 + )
dax ay 9z =
m—1 )
= > 2ul(m = i)al + (i + Daf,)(x* + 2" 7 (2 + 222
i=0
m—1 )
- ZZﬁ[(m —Da" — (i + Dt 1>+ 2" (7 + ) xy
Using the transformatlons (4) and (5), from this last equation we obtain the following ordinary
differential equation:
df 1
me—l= Z(Zmu+c)am m—i l
dw (EVu — w2 (Vv — w?)
m—1 ) 1
+ ) 2ul(m —i)a" + @i + Da" Ju™ vl w?
; . (EVu — w2 (EVv — w?)
m—1
+3 2B[0m — i)aj" — (i + Dafi, Ju" "'
i=0
Solving this equation we obtain
dw
fm — (2m,u+c)a’”m”/
2m=t = Z (V1 — w2 (Vo — w?)
m—1 2
L d
£32ul(m — D))" + (i + Dally u" o / e
i=0
m—1

(EVu — w)(EVv — w?)
+Y " 2Blm — D)a" — (i + Dalty "~ v'w + F, (e, v)
i=0

where f,,,_, is an arbitrary function in u and v
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An easy computation gives

w?dw \/u—wzd N /
=— w4+ u
Vu — w2v — w? Vv —w? \/u—wzx/v—w2

Since
/ w and u_w d
——dw
Vu —wiv — w? Vv —w?

are elliptic integrals of the first and second kind, respectively (see, for instance, [7]),
in order for f,—; to be a homogeneous polynomial of degree 2m — 1, we must have

f;m—l(xz +722,y*+z) =0and

Cmp+c)a" =0 i=0,1,....m
(10)
ul(m —i)a!" + (i + Daj}11=0 i=0,1,...,m—1.
Therefore,
m—1 ) i
fomet =Y _[m — D" — (i + Daft 16 + 2" (% + 29 (2B2)
i=0
e i—j\[i+1 : :
ZZ( 1)/ ( . ) ( . >a;'_1j(x2 +2)" T (2 + 2 (2B2).
i=0 j= —-J J
(11)
From the first equation of (10) we have ¢ = —2mu. Otherwise, a" = 0 for
i=0,1,...,m,and then f5, = 0. By the second equation of (10) we obtain
uw=0 or u#0 and (m-—ia"+G+1a};, =0 fori=0,1,....,m—1.
(12)

Case I: 4 = 0. Thenc = 0. Introducing f>,, and f>,,—; into equation (8) with i = 2m — 2
and doing some calculations, we obtain

Zafzm—z xz 0 fom—2 . 0fom—2
Y ox ay Y 9z

m—2
==Y 4B [(m—i)(m —i—Dal —2(m —i — 1)(i + Da}},
i=0

+H(i +2) @i + Daly | (2 + 2" (0 + 2 xyz
m—1
=3 20 [(m—i)al + (i + Dafi,] % +22)" 7 (P + 2Dz
i=0
From this last equation we obtain the following ordinary differential equation taking into
account the changes (4) and (5):

f m—2
J2m=2

24,3 (m —i)(m —i — Da/"

—2(m —i — D@+ Dal + G +2)( + Dally Ju" " >'w

m—1

N m . m m—i—1_i
+;2a [(m —ia" + (i + l)aiH] u v S prr A o

w
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Since

2w dw
~1o )2\/u Z o — w? + 2w — (u+v) (13)
Vu —wv/v — w? s

in order for f5,,_»(x,y,2) = ?Zm,z(u, v, w) to be a homogeneous polynomial in x, y and z,
we must have

al[m—ia!" + @i+ Daly]=0 for i=0,1,...,m—1. (14)
Therefore,
- m—i—j\(i+j
_ i -1l - mo 2 2m—i—2,.2 | 2N 2
fomn = ;;(—w ( 2 ) ( j )am»(x +2)" T + 20 (2B2)
m—1 ) )
+Za;n—l(x2 +Z2)m—1—l (y2 +ZZ)Z
i=0
where aimfl is a real constant fori = 0, 1, ..., m — 1. The second line of the expression of

Jam—2 1s an arbitrary polynomial in the variables u and v which appears after the integration
Of df2m—2/dw'

Subcase 1: « = 0. Introducing f>,_, into equation (8) with i = 2m — 3, we obtain

0 fom— 0 fom— 0 fom— 0 fom— 0 fom—
vz fom 3 v xz fom—3 oy f2m3=_ﬂy 2 2 4 gy fom—2

dax ay 9z ax ay

m—3 2 . . . .
_ N 1V m-—i—] 1+ m
= ;m[m 2 ”;( 1>'< - )( j )aw

2 . . . .
i+l 1y m—z—1.—1><z+1.+j>m |
i+ );( ) ( 2 i)

X(x2 +Z2)m—3—i(y2 +Z2)l-xy(2ﬁz)2

m—2

=Y 2B[m—1—i)a" — (i + Dali '] (7 + 2" + D) xy
i =0

__m236/3 3 (_l)j<m—i—j><i+j>
a i=0 =0 3-J J

j=

Xam (xz +Z2)m_3_i(y2 +Z2)l-xy(2ﬂz)2

i+j
m—2 1 s . . .

i (m—1—i—j i+
—ZzﬂD—w( . )( . )
i=0  j=0 1= J

Xaﬁ;l(.xz + ZZ)m—z—i (y2 + ZZ)i‘xy.

In the above computations we used the following
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Lemma 9. For any non-negative integers m, s and i satisfying m > s+i, the following equality
hold.

RN o m—i—j i+j
(m—s—»}jenf( . )( . )mﬂ
= 5= J
—a+n§:e4w<m T ’)(’+.+’)mﬂﬂ
=0 §—J J
N (m—i— i+
— 1)/ L
__@+U;;])<s+l—j)<.j>aw'
Proof. By straightforward computations we have
X (m—i—j\[i+]
(m—s—»}jehf( . )( . )mﬂ
o s =] J
—a+n§:e4y(m T J)<l+.+f)mﬂﬂ
j=0 §=J J
=(m—s—i)<ms_l>a,-+(m—s—i)
: (m—i—j\[i+]
X (—1)’< . )( .)ai'
; s j "
2 (m—i—j i+
/ —_1)/
+O+DZ¥1)(S+1—j)<j—l)
i+l
xmﬁ+a+ne4r“(’+s+s)mﬂﬂ
_ m—i sl i+s+1 '
—@+n<s+1>m+<1> @+n< s+1)amﬂ
2 ; m—i—j\[(i+j
+§:G4ykm—s—0< .J>( .’)
j=1 s—=1J J
_ m—i—j\{i+] N
s (5G]

m—1i I+s+1
=(S+1)< ot 1 )ai+(—1)‘”'(S+1)< et 1 >ai+s+1

+S(—u{@+1—ﬂ<m‘i‘?><“ﬁ)

j; s+1—7 j
m—i—j\[(i+j) .

(525 )

s+1 . . . .
_ i(m—i— i+ o
_(s+l);( ])]<s+1—j)< i )a,+j.
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This proves the lemma. ]

Using the transformations (4) and (5) and working in a similar way to solving f,,—1, we
obtain

m-=3 3 .
fans =33 (~ 1)'< - )(”.’ )a,-":j<x2+z2)"’—3—"(y2+z2)"(2ﬁz)3

i=0 j=0 J
(P p(m—=1—i—j\(i+]j
+> 3 =D _ .
i=0 j=0 J J

aly '@+ 2O+ ) (282).

Substituting f>,,—3 into equation (8) with i = 2m — 4 and doing some calculations, which
are similar to the proof of f>,,_», we have

3 fam— 3 fam— afm i—' i+]
vz ;x4+xz 2y4—x Gl Z&BZ( 1)’( >< , )

J

xaf, ; (¢ + 2" + 22 xy(282)°
m—3 2 . . . .

- —1—i—j i+
S (1))
; ; 2— J

xalis (2 + 2" T + ) xy(2B2).

Working in a similar way to solving f>,,—» we obtain that
m—4 4

f2m 4= E E ( 1)]( —l— ) (i';j)ainij(XZ+Z2)m—4—i(y2+z2)i(2’3Z)4
i=0 j=0
m—3 2 . . . .
—1—i— i+
;; 2—] J

a2+ ) <2ﬂz>2+2am 2P+
i=0

Introducing f5,,—4 into equation (8) with i = 2m — 5 and in a similar way to the proof of
fom—3 we have

m—5 5 .
fones =Y (= 1)'< )(’f’) alt; (% + 22" (2 + 22 (2B2)°

i=0 j=0 J

ffi(—nf("“;_‘f‘f)("ff)

i=0 j=0 J J
afy @+ 2GR+ ) (282)°
m—2 1
S - 1)f<m 12 )(”.’)
== J J

m -2

a P+ )"+ 2 (2B2).
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By recursive computations we can obtain for s = 3,4, ..., m — 1
m—2s 2s . . . .
-1 — 1+ m m—2s—i i s
Fmoas =Y > (=) ( 7 ) ( - )a,},»(x2 + )BT+ ) (2B2)°
i=0 j=0 -J J
m—2s+1 25— . . . .
—1—-i- i+
+ZZ( 1)/( 5 ’)( .’)
= = —2—j j

Xa lﬂ_:_] l(x + Z2)m 2s+1— l(y + Z2) (ZIBZ)ZS

m—2s+2 25— . . .
xR (LS

l+j (x +ZZ)m 254+2— l(y +ZZ) (2ﬁz)2v

4.

" p(m=s—1—i—j\[i+]
+ZZ(_1) 2—j j

i=0 j=0

xa ln;]? l(x +22)m s—3— l(y +Z2) (2132)2

m—s
+Z m— S(x +Z)m s— l(y +Z)l

i=0
s m—2s+h 2(s— s . .
=2 2 Z( ”’(né( ﬁh)l—'J><l+'J>
h=0 i=0 j= § J J
xda l+] (x + ZZ)m —2s+h— l(y + ZZ) (ZIBZ)Z(Y h)
and
s m—2s+h—12(s—h)+1 . . . .
_ i m—h—i— i+]
Som—2s-1 hX:(:) ; ,X:(‘: (=D <2(S Cmy+l— i

X l}’l-’l‘—]h(x + )m—2.§'+h—l—i(y2 +Z2)i(2ﬁz)2(x_h)+l-

We note that in the above two sums, if / < 0, then the sum Zfzn A; = 0forany A;. Unifying
the expressions of f5,,—»s and f5,,—2s—1 we find thatfors =0, 1,...,2m — 1

[s/2]1 m—s+h s—2h . me—h—i— ] i +j
f2m—s = (_l)j < . ) ( . )

Xa lnijh(.x +Z2)m s+h— l(y +Z2) (Z,BZ)S 2h

Here, [-] denotes the integer part function. Therefore, we have
2m—11s/2] m—s+h s—2h m—h—i—j i+
AR IRRVEED D IS ID N o (" ()
s=0 h=0 i=0

Xa ll?ijh(-x +ZZ)m s+h— l(y +Z2) (zﬂz)s 2h
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Forevery givenh € {0, 1, ..., m—1}, weknow from the calculations of f; fors = 1,2, ...,2m

that alf"*h fori =0,1,...,m — h appear in f; with 1 < j < 2m — 2h. Hence, in the above
expression the sum of the terms containing a" " fori =0, 1,...,m — h is
2m—1m—s+h s—2h

Z Z Z(_l)](m hzh_] ><l+]> ,ﬂ_:_]h(x +Z2)m —s+h— z(y +Z2) (2/3Z)S 2h

s=2h i=0 j=0 J

2m—1-2hm—h—s s

B R ()

s=0 i=0 j=0 $ J

mh

ali (P + )T+ ) (2B2)°

m—hm—h—s s

S ()

s=0 i=0 j=0 5= J

ali P+ 2T O+ 2 (282"

Therefore, addlng the previous expressions for 4 =0, 1, ..., m — 1 we obtain

f= ZZZ(_])J( £l+‘])><l+../> l+j(x +Z)m s— ’(y +Z)(2ﬂZ)

s=0 i=0 j J J

—1lm—1—
0

“ L : —1—(i+j)><i+j)
—1)/ m
+Z 2 ,-X:(;( )( s—j j
ml

H-j ()C +Z2)m 1—s— l(y +Z2) (zﬂz)v

m—2m—2—s s

m—2— (l+]) i+j
+ZZZ<“’( )
aly P+ 2"+ 2 (262)°
+...
1 1- s . .
—(@{+])) i+]
e () (1)
s=l 0;; _‘] J
Xai+j(-x2 +12)l—s—i (yz +22)i(2ﬁz)x.
Since in the sum
ZZ( 1)1( (lfj)>(i+.j) alt, (7 + )"+ 27 (2B2)°
i=0 j=0 s—J J

the term containing a;' for b € {0, 1, ..., m}is

" (m—=h\(h
2 ( s ) <J>ah (2 4+ 22D (5 4 )T 22y
j=0

where if s — j < OQors — j > m — h, then (':;h ) = 0. So in the polynomial f the sum of

all terms containing a; is

m—h h

Zz(_l)](m /’l)(h) m(x +Z)m —h— z(y +Z)h j(2ﬁZ)l+1

i=0 j=0
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Therefore,
m m—s s S m— (it it o . .
ZZZ(—D’( s(_j”)( jj)a;’;,-<x2+z2>'" (2 + 22 282)
5=0 i=0 j=0
- mmih u (m—h h 2, 2xm—h—ig.2 | 2\h—j i+j
=D ar Yy Y =1y . ) (420 0" +2)"2p)™
h=0  i=0 j=0 ! J
m m—h m—nh ) .
= Za,’;‘ Z ( ; ) (x?+ 25" "1 2B2)
h=0  i=0

h
<Dy (? ) (O + 2 2p2)
Jj=

= Z ay 2+ 22 +2B2)" (v + 22 — 28"
h=0

Working in a similar way to the above calculations, we obtain
m . .
f=)al@P+22+ 282" (3 + 22— 2B2)
i=0

m—1

+Za;n71(x2+z2+2ﬂz)m—l—i(y2+z2 _ Z,BZ)i
i=0

m—2
+Y a2 +2B2)" T (3 + 27— 2B2)
i=0
R
2 . .
+Y @i+ 22+ 2827 (v + 27— 2B2)
i=0
+ay (xX* + 22 +2B2) +al (y* + 2% — 2B2)

h

D a7 +2B)" (v + 27— 2B2)
h=1 i=0

By the arbitrariness of m and a!", we obtain the two polynomial first integrals H; = x>+z2+2fz
and H, = y? + 7> — 2Bz. This proves statement (a) of the theorem.

Subcase 2: a # 0 and (m — i)a]" + (i + Dal,; =0fori =0,1,...,m — 1. So we have

a;nz(_l)f<’?)a;,n i= 12, m. (15)

Hence

fon =) (=D ( ’7 ) ag (P + )" (P + ) = ag (o =y
i=0
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Moreover, from (11) and (15) we have

m—1
fomor =) 2(m — D} (¥ + )" (7 + 2 (282)
T

m—1

=2) (m—i(=1) ( " ) ay (o + 2" (7 + 20 (2B2)
i=0
m—1 ) m—1 ) )

— 22(_1)11,” ( l ) a(r)n(x2 + Z2)m—l—z (y2 +Z2)1(2132)
i=0

= 4Bmay (x? — y2ym-1z.

Substituting f>,,—1 and f5,, into equation (8) with i = 2m — 2, we obtain

Z8f2m72 +XZ3f2m72 . 0fom—2 —_p 0fom—1 + Bx 0fom—1 aafzm
Y ax ay Y 9z Y ox ay 9z

= —16alm(m — 1)B*(x* — y)" *xyz.

Using the transformation (4) and (5) and working in a similar way to the proof in subcase 1,
we obtain
wm—1 5 23m=2_2 (S m=1,2 | 2xm—l—i 2, 2\
fan-r = 160§ ————p>* = y?) Z+Y T PTG+
' i=0

Substituting f,_» and f>,_; into equation (8) with i = 2m — 3, we obtain

Z8f2m73 +x13f2mf3 0fom—3 —_p 0fom—2 + 0fom—2 _aafszl
Y dx ay Y 9z Y ax ay 0z

= —64al B> (m — 2) (IZ ) (x* —yH" 3 2xy
m—2 . .
— 22,3 [(m —1- i)a;'“1 — @+ l)aﬁfl] @2+ 2+ D) xy
i=0
—4ma81aﬂ(x2 — yHm L

In a similar way to the computations in subcase 1, we obtain

Fom_s = 64al" B3 (’;1 ) u — v)" 3w’

m—2

+> 2B[m—1—i)a" — i+ Dal ' Tu" > v'w
=0

dw

(EVu — w2)(EVv — w?)

In order for f,_3(x,y,2) = 72,,1_3(u, v, w) to be a homogeneous polynomial in x, y and z
of degree 2m — 3, we must have 7;”73(”7 v) = 0 and 8 = 0. Hence, we obtain

—k
+ f2m—3(u’ U).

+4mag af(u — v)’"*I/

Soam—3(x,y,2) =0.
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Equation (8) with i = 2m — 4 now is

ame—4 8f2m—4 af2m—4 3f2m—2
yz +Xz y = —o—
0x dy 9z 0z

—1
==Y 2a[0m—1-i)a"" + i+ Dali;" | P +D)" (Y + 27z
i=0

In order to obtain a homogeneous polynomial solution of degree 2m — 4 of this equation,
from the integrating formula (13) we must have

m=l —( i=0,1,....,m—1.

(m—1—i)a""+@i+a";

Hence
foma=ay " (x* = yH"!
m—2
2.2 2ym=2—i 2 . _2Ni
Famea =Y al (@ + )"+ )
—
By recursive calculations we can obtain that
fom—as =afy (x> =y Som—2-1=0 for s=0,1,....m—1

where ai' # 0, aé fori =1,2,...,m — 1is an arbitrary constant. Therefore, we have
m . .
f=)ahx* =y
i=1
So, H = x? — y? is a polynomial first integral. This proves statement (b) of the theorem.

Case2: w#0and (m —i)a" + (i +1al,; =0fori =0,1,...,m — 1. Then, we have
fom = ag (x* = yH)" fam—1 = 4pmag' (x* — y*)" 'z,

Equation (8) with i = 2m — 2 can be written as

. 0fom—2 2 dfom—a . dfom—2
Y Tx dy Yoz
af2m— 8me— 8me
= (1x — BY) "o+ (U + BX) o = 2 fomg — @
0x ay 9z

= —8,4‘3/una(’)"(x2 —yH" 7 — 16B%m(m — 1)081()62 — v 2xyz.
Working in a similar way to the proof of case 1, we obtain
dw?

(EVu — w?)(EVv — w?)

Fomea (60 3 2) = Faa(tts v, w) = dpumpBall (u — vy /

+1642 <"21 ) al(u — )" 2w + Fa o, v)

where ?;md is an arbitrary function in # and v. Since f3,,—2 is a polynomial in x, y and z,
we find from (13) that 8 = 0 and

m—1
foma(,y,2) =Y a6+ )T+ )
a
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Substituting f,,—» and f>,_; into equation (8) with i = 2m — 3, we obtain

0fom—3 0fom—3 0fom—3 0fom—2 0fom—2 0fom—1
yz +Xxz Xy = pux +Q1y —2mpfop—o —a
dx ay 9z ox ay 0z

m—1

— _2,bL Za;’nfl(xl +12)m—1—i(y2 +Z2)i

i=0

m—2 ) )

=20 ) [m =1 =i+ (i + Daliy ' | 2 + )" (v + 272

i=0
Working in a similar way to the proof of case 1, in order to obtain a homogeneous polynomial
solution of degree 2m — 3 of this equation, we must have a;"*l =0,i=0,1,...,m—1,and
then f5,—» =0and f5,_3 =0.

By recursive calculations we can obtain from equations (8) and (9) that f; = 0 for

i =2m—4,2m -5, ...,2,1. Therefore,
f=ag @ —y)"

whose cofactor is k = —2mpu.

From proposition 4, it follows that the irreducible Darboux polynomials of the Rikitake
system are f = x +y with the cofactor k = z —  and f = x — y with the cofactork = —z — .
This proves statement (c) of the theorem under the conditions § = 0 and u # 0.

Now we consider the case in which the cofactor is non-constant. According to the proof
of proposition 1, without loss of generality, we can assume that f is a Darboux polynomial of
degree 2m + r (respectively, 2m — r) with cofactor k = rz + c if r is a positive (respectively,
negative) integer, and that

2m+r 2m—r
f= Z fi (respectively, f= Z ﬁ)
i=0 i=0

where f; is a homogeneous polynomial of degree i, and

Fomsr = @+ Y al' (P + )" (P + 2 (16)
i=0
respectively
fomer =@ =0T al (P + )" (P + ) (17)

i=0

First we consider the case r > 0. Substituting f and k into equation (1) and identifying
the terms of same degrees, we obtain

8f2m+r 8f2m+r 8f2m+r
yz +X2Z — Xy

_ o 18
2 o P rZfom+ (1%)
0 fomar— 3 famr— 3famer— Oomsr
vz fams L xz St _ y famer-1 = rzfomer—1 + (ux — By) fon:
0x dy 9z i
ad m+r
+(/'Ly +,3)C) f2 i +Cf2m+r (19)

ay
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dafi afi afi afi af; afi
yzi +xzi - xyi =rzfi + (ux — By) fian + (uy +,3x)£ +cfis —a fir2 (20)
ox ay 9z dax ay 9z
0
cfo—al —o @1
0z

fori =2m+r—-2,2m+r—-3,...,2,1,0.

From proposition 1, equation (18) has a solution of the form (16). Introducing (16) into
equation (19) and doing some computations we obtain

vz 8f2m+r71 +xzaf2m+r71 _ yaf2m+r71
dx ay 9z

m

= rzfomer—1+ (X +3) Y [ +2m)p + cla (6 + 2" (7 + 22
i=0

+(x + y)r—l(x _ y) Zrﬁa;’n(‘X_Z + ZZ)m—i(y2 +22)l
i=0
—@+y) Y 2u[m —i)al + G+ Daty] 2+ 2" G+ 2D 2
i=0
m—1

—x+y)" Y 2B [(m —a — i+ Dalty ] (7 + )" O + D) .
i=0
We consider the transformations (4) and (5). As in the proof of proposition 1, we now select
xy < 0. Without loss of generality, we can assume that x = ~/u — w? and y = —+/v — w2,
From the above equation we obtain

—— ———dfo. —
u —w? v_wz%ermewfl

m
+(\/u —w? — Vv — w? )" T+ 2m)p + clalu™
i=0

m

+(\/u—w2—\/v—wz)r_l(\/u—w2+\/v—w2)Zrﬂa;”um_ivi

i=0

m—1
—(\/u —w? — v —w? )r 22“ [(m —Da"+({+ l)aﬁl] u" " yiw?
i=0

m—1

(V= = o= w?) Y28 [n = Dal’ = i+

i=0

o N ) 22)

This is a linear ordinary differential equation in f5,,+—1. The corresponding homogeneous
equation

3 1
u—w2 v_wzdLutVermeH—l

has a general solution

?;m+r—l = (\/u —w? — \/v - w? )rzzm—l(u’ v)
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where szq (u, v) is an arbitrary function in u and v. In order to use the method of variation
of constants, we assume that

72m+r—l = (\/I/t —w? — \/U - wz)rZmel(u’ v, U))

is a solution of (22), then Xz,,,_] (u, v, w) satisfies

dzzm_l i[( +2m)p +cl m, m—i, i 1
= r+2m)u +clau™ v
dw — ’ Vi —wJv —w?
& . Vi —w? + v —w?
+ rBal"u™ "'
,Z(; Vu — wiVv — w2 (Vu — w? — Vv — w?)
m—1 .y w2
- 2u|(m —ia" + (@ + Daly | u™ "0
; [ +1] Vi — wiv — w?
m—1 . ‘
+Y 2B[(m —i)a — (i + Dafy, Ju" 1
i=0
Since
/ Vu —w? + /v —w? d
w
Vi — w2V — wr(Vu — w? — Vv — w?)

u+v/ dw 2 w? dw N 2 fd
- w.
u—v) Jyu—wvv—w? u—vJ) Ju—wVv—-—w? u—v

In order for Ay,—1(x,y,2) = A1 (u, v, w) to be a homogeneous polynomial of degree
2m — 1, we must have

[(r+2m)u+cla" =0 i=0,1,...,m
rBa =0 i=0,1,....,m (23)
2u(m —ia" + i+ Daft;] =0 i=0,1,....,m—1.

Therefore, we obtain that

c=—(r+2mu B=0

gtherwise a' = ()_fori = 0,1,...,m, and so fo,++ = 0. Hence, Ay,_1(x,y,2) =
Ag—1(u, v, w) = Apyu_1(u, v) = 0, and then

f2m+r—l(xv Y, Z) = ?2m+r—l(u9 v, w) =0.

Substituting fr,4r—1 and fo,4, into (20) with i = 2m +r — 2, we obtain

8me+r—2 ame+r—2 af2m+r—2 af2m+r
yz +Xxz —Xxy =rzfomtr—2 —¥——
0x dy 0z 0z
m—1

= rzfomer2 — (x+ ) Y 20 [(m —i)a]" + (i + Dafl, ]
i=0

x(x2 + 2" (G + )iz
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Working in a similar way to the proof of f,,.,—1, from this equation we obtain the ordinary
differential equation

\/u—wzx/v—wz% =rw?2m+,_2—(\/u—wz—\/v—wz)r

m—1
X 2201 [(m —ia" + (i + 1)(1,-’11] u" 1w,
i=0

The corresponding homogeneous equation has the general solution

7;m+r72 = (\/u — w2 — \/U - w2 )rzszz(u’ U)'
Let

?2m+r72 = (\/u —w? — \/v —w? )rZZm—Z(ua v, w)

be a solution of the previous linear ordinary differential equation. Then the function Ao
satisfies the following equation:

dZZm—Z = -\ m . m m—1—i i w
Tz_;Za[(m—l)ai +(l+1)ai+1]“ vm/—v—w/ )

In order that Ay, _»(x,y,z) = sz,z(u, v, w) is a homogeneous polynomial in x, y and z,
we should have

alm—ial" + (i + Dal,

]=0 i=0,1,....m—1 (24)
and Ao, v, W) = Asp_o (U, V) = Agm_o(x% + 22, y2 +72). Therefore,

m—1
. L )
fomerea = (x4 Y al T @+ )" TG+ )
i=0
Introducing f2,4r—2 and f5,,+-—1 into equation (20) with i = 2m +r — 3 and doing some
computations, we obtain

z af2m+r—3 +xZ af2m+r—3 “x af2m+r—3
Y dox ay Y 9z

8f2m+r—2 af2m+r—2
+ uy

—(r+2 e —
™ 3y (r +2m)fomer—2

= rzf2m+r—3 + ux

m—1

= rzfomers — (4 )" Y 2ual T P+ )"+ )
i=0

m—2

—@+y) Y 2ufm—1—i)a" + (i + Dafyy"]
i=0

X(xZ + Z2)m727i (y2 + Zz)iZ2~
Working in a similar way to the proof of f5,,.,—1, we obtain that

,m;."—‘zo i=0,1,...,m—
1 | (25)
plm—1—=ia""+@(+Dal']=0 i=0,1,....m—2

i+1
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and so

f2m+r—3(-xv yr Z) = 0
Equation (20) with i = 2m + r — 4 now can be written as

8f2m+r74 8meJ—r74 8f2m+r74 8f2m+r72
yz +X2Z — Xy = rzfomir—4 —@—-—
9x dy az 0z

m—2
=r;ﬁmw_4—(x+)0’§:2a[0n——1——DaT_1+(i+1)aﬁIq
i=0

m—2—i

0 +2%) 'z

In a similar way to the proof of f5,,+,—» we obtain

x(x%+7%)

alm—1-ia" " +@{+Da’;']=0 i=0,1,....m—2 (26)
and
m—2 . )
f2m+r—4 = (x+ y)) Z a;n—Z(XZ + ZZ)m—Z—t (y2 + 12)1‘
i=0

By recursive calculations we obtain

f2m+r—2s+l =0 s:3a4a-~7m
m-—s
mar—2s = (X + Y)Y @' (2 + )" (R + ) s=3,4,...,m
y i y
i=0

fi=0 j=0,1,2,....r—1

with conditions

pad =0 (27)
andfors =2,3,...,m—1

na"t =0 i=01,.... m—s

plm—s—ia"" +@G+ali*] =0 i=0,1,....m—s—1 (28)

a[(m—s—i)af”75+(i+l)aﬁ]ﬂ]:O i=0,1,....m—s—1.

Summing up the above results, we find from conditions (23)—(28) that if f is a Darboux
polynomial of degree 2m + r with a non-constant cofactor, then one of the following three
cases holds:

(D Bp=pn=a=0,and

f — (x + y)r Z EQT—X(XZ + Zz)m7S7i(y2 + ZZ)i

s=0 i=0
is a Darboux polynomial with the cofactor k = rz.
2)Bp=pn=0,0 #0and
f — ()C + y)r Zangs(xz _ yZ)m—s
5s=0

is a Darboux polynomial with the cofactor k = rz.
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(3) B=0,n#0and
f=@+y) 2= y)"
is a Darboux polynomial with the cofactor k = rz — (r + 2m) .

Working in a similar way as in the proof of the case of r being a positive integer, when
r is a negative integer we find that if f is a Darboux polynomial of degree 2m — r with a
non-constant cofactor, then one of the following three cases holds:

(1) B=pu=a=0,and
f — (x _ y)—r Z Zal{n—S(xZ + Z2)m—s—i(y2 + ZZ)i
s=0 i=0
is a Darboux polynomial with the cofactor k = rz.
2)B=p=0,0 #0and

f =(x—- y)_r Zag’l*S(XZ _ y2)m—s
s=0

is a Darboux polynomial with the cofactor k = rz.
3)B=0,u+#0and
f=0=nT6 ="
is a Darboux polynomial with the cofactor k = rz — (—r + 2m) .

From proposition 4 and statements (a) and (b) of this theorem, we obtain that if f is an
irreducible Darboux polynomial of the Rikitake system, then 8 = 0, and f = x + y with the
cofactor k = z — p and f = x — y with the cofactor k = —z — .

This proves the ‘only if’ part of the theorem. The ‘if” part follows from an easy
computation. This completes the proof of the theorem. g

4. Conclusion

In this paper we characterize the Darboux polynomials, the polynomial first integrals, the
rational first integrals, the invariant, and the algebraic integrability of the Rikitake systems.
Thus the main results are the following:

(a) The Rikitake system has Darboux polynomials if and only if 8 = 0. The irreducible
Darboux polynomials are f; = x + y with the cofactor k; = z — u, and f, = x — y with
the cofactor k) = —z — 1.
(b) The Rikitake system has a polynomial first integral if and only if either x = o = 0, or
u=p=0anda =0.
1. If © = a = 0, the generators of polynomial first integrals are H, = x> + 7> + 2z
and H, = y> + 72 — 28z.
2. If u = B =0 and @ = 0, the generator of polynomial first integral is H = x> — y?.
(c) The Rikitake system has a rational first integral if and only if either ¢ = o = 0, or
u=p=0andao =0.
(d) The unique irreducible invariant (also called integral of motion) is (x> — y?) exp(—2ut)
when 8 = 0.
(e) The Rikitake system is algebraically integrable if and only if u = o = 0.

We remark that Labrunie and Conte [10] proved that (x> — y?) exp(—2yt) is an invariant
of the Rikitake system when g = 0. Here we prove that it is unique.



Invariant algebraic surfaces of the Rikitake system 7635

Acknowledgments

The first author is partially supported by a DGES grant number PB96-1153. The second
author wants to express his thanks to the Centre de Recerca Matematica and to the Ministerio
de Educacién y Cultura (Spain) for its hospitality and support with the grant number SB97-
50922201 during the period in which this paper was written. He is partially supported by
NNSFC of China grant number 19901013.

References

(1]
(2]
[3]
(4]
(3]
(6]

(71
[8]

[9]
[10]

[11]
[12]

[13]

[14]

Barge M 1984 Invariant manifolds and the onset of reversal in the Rikitake two-disk dynamo SIAM. J. Math.
Anal. 15 514-29

Beltranmi E 1987 Mathematics for Dynamic Modeling (Boston, MA: Academic)

Bleecker D and Csordas G 1992 Basic Partial Differential Equations (New York: Van Nostrand Reinhold)

Christopher C and Llibre J 2000 Integrability via invariant algebraic curves for planar polynomial differential
systems Ann. Differ. Eq. 14 5-19

Figueiredo H, Rocha Filho T M and Brenig L 1998 Algebraic structures and ivariant manifolds of differential
systems J. Math. Phys. 39 2929-46

Goriely A 1996 Integrability, partial integrability and nonintegrability for systems of ordinary differential
equations J. Math. Phys. 37 1871-93

Gradshteyn I S and Ryzhik I M 1980 Table of Integrals, Series and Products (New York: Academic)

Hardy Y and Steeb W H 1999 The Rikitake two-disk dynamo system and domain with periodic orbits Int. J.
Theor. Phys. 38 2413-7

Hu Jishan and Yan Min 1999 Singularity analysis for integrable systems by their mirrors Nonlinearity 12 1531-43

Labrunie S and Conte R 1996 A geometrical method towards first integrals for dynamic systems J. Math. Phys.
37 6198-206

Llibre J and Xiang Zhang 1999 On invariant algebraic surfaces of the Lorenz system Preprint

Plunian F, Marty Ph and Alemany A 1998 Chaotic behaviour of the Rikitake dynamo with symmetric mechanical
friction and azimuthal currents Proc. R. Soc. 454 1835-42 PRS

Steeb W H, Kunick A and Strampp W 1983 The Rikitake two-disk dynamo system and the Painlevé property J.
Phys. Soc. Japan 52 2649-53

Sachdev P L and Ramanan S 1997 Singularity structure of third-order dynamival system. I Stud. Appl. Math. 98
255-75

Sachdev P L and Ramanan S 1997 Singularity structure of third-order dynamival system. II Stud. Appl. Math.
98 277-310



